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This paper presents a two-dimensional contact stress analysis to investigate the effects of
multiple inclusions on the contact pressure and subsurface stresses in an elastic half-plane.
The boundary element method is used to analyze the contact problem where a set of inte-
gral equations is derived on the contact region and the matrix–inclusion interfaces. As the
contact region is unknown a priori, an iterative procedure is implemented to determine the
actual contact region and the contact pressure, and the tractions and displacements on
the matrix–inclusion interfaces are obtained by solving the integral equations numerically.
Numerical results show that the inclusions near contact surface could cause signiﬁcant
alterations in the contact pressure distribution. The stiff inclusions could toughen the sur-
rounding material and reduce the internal stresses while the soft inclusions could increase
the subsurface stresses.
 2008 Elsevier Ltd. All rights reserved.1. Introduction
Nonmetallic inclusions in the subsurface region of rolling elements in contact could raise internal stresses to initiate fa-
tigue cracks and reduce the service life of rolling elements. The stress ﬁeld associated with the inclusions provides an impe-
tus for material deterioration and fatigue crack nucleation in rolling elements. Under cyclic contact stresses, the
heterogeneous decay of martensite is developed at certain type of inclusions such as oxides, carbides and silicates particles
in subsurface of bearing steels (Martin et al., 1966; O’Brien and King, 1966; Swahn et al., 1976; Osterlund et al., 1982). The
microstructural changes could result in fatigue cracks nucleation even when the applied contact loading is well below to the
limits causing deterioration of material strength (Tricot et al., 1972; Voskamp, 1985; Nelias et al., 1999). Experimental re-
sults show that bearings made of cleaner steels have substantial longer life against fatigue failure (Clarke et al., 1985; Zhou
et al., 1989). Nonmetallic inclusions are also unfavorable to the fatigue strength of rail steels, high speed steels and tool steels
(Beynon et al., 1996; Shur et al., 2005; Meurling et al., 2001). Quantitative analysis of stress disturbances created by the
inclusions is essential to understand the failure mechanisms produced by material impurities.
Material inclusions could alter overall behavior and stress ﬁeld in their vicinities due to incompatibility deformations
between the inclusions and surrounding materials. Eshelby (1957) studied the stress variation generated by an ellipsoidal
inhomogeneity in an inﬁnite medium and presented the equivalent inclusion method to simulate the stress disturbance
as an eigenstress ﬁeld caused by distributed eigenstrains in the inclusion having the same elastic moduli as the matrix.
The equivalent inclusion method has been effectively applied to various inhomogeneity problems such as strengthening
dispersoids, inclusions, and precipitates in advanced materials (Mura, 1987). Due to its greater accuracy on the stress
calculation, various boundary element techniques has been proposed to treat more complicated problems such as. All rights reserved.
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technique for the two-dimensional analysis of multiple inclusion and crack interaction problems. Dong et al. (2002,
2003) derived a set of domain integral equations for the inclusion with various shapes in an inﬁnite medium based
on the equivalent inclusion method and extended the method to solve the three-dimensional elastostatic inclusion prob-
lems. In spite of its effectiveness, the domain integral equation method, however, requires the discretization of the inclu-
sion. Dong et al. (2004) applied different integral equation approaches to the problem of an isotropic half-plane
containing anisotropic inclusions. Mogilevskaya and Crouch (2004) presented a complex singular integral equation for
an inﬁnite medium containing multiple circular inclusions with uniform interphase layers. The integral equation is dis-
cretized only at the layers–inclusion and inclusion–matrix boundaries with unknown tractions approximated by a trun-
cated complex Fourier series. The complex-variable hypersingular integral equation method was extended to the analysis
of an elastic half-plane containing multiple circular inclusions under a uniaxial stress applied at inﬁnity (Legros et al.,
2004). Kushch et al. (2006) presented a numerical method based on the Muskhelishvili’s method of complex potentials
with the Fourier integral transform to solve the stress ﬁeld in an elastic half-plane containing elliptic inclusions sub-
jected to a uniaxial loading. Martin and Aliabadi (1998) and Gun (2004) recently applied the boundary element method
for the two- and three-dimensional elastoplastic contact analysis of a rigid element perfect-ﬁt pin in an inﬁnite plate
subjected to a remote uniform loading. While there has been a great deal of numerical analysis presented for the inclu-
sions in an inﬁnite media under simple loading, the inclusion problems for the half-plane under contact loading have
received limited attention. Afferante et al. (2006) presented an approximate method and ﬁnite element analysis to study
the stress concentration around a hole in a half-plane subjected to Hertz contact loads. However, the distribution of
Hertz contact pressure could be affected by the inclusions near the contact surface. Miller and Keer (1983) used com-
plex-variable formulation to study the interaction effects between a rigid indenter and a near surface inclusion in an
elastic half-plane where the inclusions are limited to either a circular void or rigid inclusion. A boundary element meth-
od was recently presented by Kuo (2007) to analyze the two-dimensional problem of a rigid indenter in sliding contact
on the surface of an elastic half-plane containing an inhomogeneity with arbitrary shape. The method gives accurate and
efﬁcient analysis for distribution of contact pressure and variation of the stress ﬁeld induced by an inclusion in contact
elements.
When multiple inclusions exist and are interacting in materials, the deformation and stress ﬁelds become even more
complicated. Yu and Sendeckyj (1974) presented a successive approximation method to solve the plane elasticity problem
of multiple circular inhomogeneities in an inﬁnite medium under uniaxial tension and in-plane bending. Horii and Nemat-
Nasser (1985) presented the pseudo-tractions method to calculate the stress ﬁeld in an inﬁnite medium containing any
number of defects of arbitrary shape. The pseudo-tractions method was extended by Han and Wang (1999) to treat the
interacting problem among inhomogeneities including defects. Depending on its properties, shape and location, the inclu-
sion could further toughen or soften its surrounding material that has already been affected by the neighboring inclusions.
To investigate effects of interacting inclusions on the stress ﬁeld, a two-dimensional contact stress analysis is presented
for a cylindrical indenter sliding on an elastic half-plane containing multiple inclusions. The boundary element method
is used to analyze the problem which is reduced to a set of boundary integral equations with unknown contact pressure
on the contact region, the tractions and the displacements on the inclusion–matrix interfaces. The actual contact region
and the contact pressure are determined by an iterative scheme based on the bisection search method. Numerical results
are presented to study effects of interacting inclusions on the contact pressure and the stress ﬁeld in the half-plane under
contact loading. Although numerical examples are given speciﬁcally for circular inclusions, the boundary element formu-
lation presented in the paper is applicable to the inclusions of arbitrary shapes with high accuracy and efﬁciency in stress
calculations.
2. Problem formulation
The two-dimensional contact problem is considered as shown in Fig. 1, where a cylindrical indenter is loaded by a normal
force and slides on the surface of an elastic half-plane containing N inclusions. The inclusions have arbitrary shapes and dif-
ferent material properties with substrate matrix. The shear modulus and Poison’s ratio for the half-plane are denoted by ls,
ts, and those for the inclusions are lm, tm,m = 1,2, . . . ,N, respectively. The free surface of the half-plane is composed of contact
region, Cc, and the remaining region, Cs. The boundary conditions on the free surface subjected to the contact loading can be
described as follows:r21ðx1;0Þ ¼ fpðx1Þ; x 2 Cc ðcL < x1 < cR; x2 ¼ 0Þ ð1Þ
r22ðx1;0Þ ¼ pðx1Þ; x 2 Cc ðcL < x1 < cR; x2 ¼ 0Þ ð2Þ
r2iðx1; 0Þ ¼ 0; i ¼ 1;2; x 2 Cs ðx1 > cR or x1 < cL; x2 ¼ 0Þ ð3ÞHere f is coefﬁcient of friction, and p(x1) is contact pressure. Both the contact pressure and the contact region are unknowns
and need to be determined. The vertical displacement within the contact region is speciﬁed by the proﬁle of cylindrical in-
denter, which isu2ðx1;0Þ ¼ u0  x
2
1
2R
; x 2 Cc ð4Þ
Fig. 1. Problem conﬁguration: a rigid cylindrical indenter in sliding contact on an elastic half-plane containing multiple inclusions of arbitrary shape.
F
s
4564 C.-H. Kuo / International Journal of Solids and Structures 45 (2008) 4562–4573where u0 is the vertical displacement at the center of the indenter. Moreover, equilibrium in the x2-direction requires that
the contact loading P should be balanced by the contact pressure, i.e.,ig. 2. (a
ubjectedZ cR
cL
pðx1Þdx1 ¼ P ð5ÞThe inclusions are assumed perfectly bonded to the substrate matrix. For each inclusion, the equilibrium and continuity
conditions along the inclusion–substrate interface can be written as:tiðxÞjCþm þ tiðxÞjCm ¼ 0 ð6Þ
uiðxÞjCþm  uijCm ðxÞ ¼ 0 i ¼ 1;2 m ¼ 1;2; . . . ;N ð7Þwhere ui(x) and ti(x) are the displacement and traction distributed along the inclusion–matrix interfaces; Cþm and C

m repre-
sent the interfaces on the matrix and the inclusion sides, respectively.
The boundary element formulation is applied to reduce the problem to a set of integral equations. The problem is ﬁrst
decomposed into two separate problems as shown in Fig. 2(a) and (b). Fig. 2(a) shows the contact problem of a rigid indenter
sliding on the surface of an elastic half-plane with the inclusions replaced by voids subjected to tractions, ti(x), applied on the
boundaries. Fig. 2(b) shows that each inclusion is subjected to the same magnitude of tractions as in Fig. 2(a) but in opposite) The half-plane containing multiple voids under contact loading and subjected to distributed load along the boundaries. (b) Each inclusion
to distributed loads.
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follows.
2.1. Boundary integral equation for sliding contact on the half-plane
For the contact problem of a rigid indenter sliding on the surface of an elastic half-plane, Fig. 2(a), the integral equation
can be derived by the Betti’s reciprocal theorem asuiðnÞ þ
Z
C
THji ðx; nÞujðxÞdCðxÞ ¼
Z
C
GHji ðx; nÞtjðxÞdCðxÞ ð8ÞHere the boundary C is the union of the free surface of the half-plane and the inclusion–substrate interfaces, i.e.,
C = Cs [ Cc [ C1 [ C2    [ CN. The superscripts ‘‘H” and ‘‘F” used in the follows represent the half-plane and full-plane, respec-
tively. The integral kernel THji ðx; nÞ is the traction in xi-direction at the point x due to a point load applied in xj-direction at
point n in the half-plane and can be written as:THji ðx; nÞ ¼
2lsts
1 2ts
oGHkiðx; nÞ
oxk
nj þ ls
oGHkiðx; nÞ
oxj
þ oG
H
ji ðx; nÞ
oxk
 !
nk ð9Þwhere n is a unit outer normal to the boundary and GHij ðx; nÞ is the two-dimensional Green’s function for the semi-inﬁnite
elastic solid. The boundary integrals in Eq. (8) can be divided into three parts:
R
Cð  ÞdC ¼
R
Cs
ð  ÞdC þ RCc ð  ÞdC þ PNm¼1R
Cm
ð  ÞdC. On the free surface of the half-plane, x 2 Cs [ Cc, the traction due to a point load applied in the half-plane is
THji ðx; nÞ ¼ 0 by substituting the half-plane Green’s function and x2 = 0, n1 = 0, n2 = 1 into Eq. (9). The integrationsR
Cs
THji ðx; nÞujðxÞdCðxÞ and
R
Cc
THji ðx; nÞujðxÞdCðxÞ in Eq. (8) vanish. Moreover, from Eq. (4), the free traction condition on the
boundary Cs gives tj(x) = 0. Thus, Eq. (8) can be rewritten as:uiðnÞ þ
XN
m¼1
Z
Cm
THji ðx; nÞujðxÞ  GHji ðx; nÞtjðxÞ
h i
dCðxÞ ¼
Z
Cc
GHji ðx; nÞtjðxÞdCðxÞ ð10ÞBy letting the source points approach to the contact boundary, i.e, n? Cc, and imposing the contact conditions Eqs. (1)–(3),
the boundary integral equation can be obtained as:1 ts
pls
Z
Cc
ln jx njpðxÞdCðxÞ þ
XN
m¼1
Z
Cm
½GHji ðx; nÞtjðxÞ  THji ðx; nÞujðxÞdCðxÞ ¼ u0 
n21
2R
; n 2 Cc ð11ÞAs the source points approaching the inhomogeneity/substrate boundary, i.e., n? Ci, a set of boundary integral equations
can be obtained:cijujðnÞ þ
XN
m¼1
Z
Cm
THji ðx; nÞujðxÞ  GHji ðx; nÞtjðxÞ
h i
dCðxÞ ¼
Z
Cc
GHji ðx; nÞtjðxÞdCðxÞ; n 2 Cm ð12Þ2.2. Boundary integral equation for the inclusions
For each individual inclusion subjected to the tractions along its boundary, the boundary integral equation can be written
as:uiðnÞ þ
Z
Cm
TFjiðx; nÞujðxÞdCðxÞ ¼
Z
Cm
GFjiðx; nÞtjðxÞdCðxÞ ð13Þwhere GFijðx; nÞ is the two-dimensional fundamental solution for the inﬁnite medium and the integral kernel can be writ-
ten asTFjiðx; nÞ ¼
2lmtm
1 2tm
oGFkiðx; nÞ
oxk
nj þ lm
oGFkiðx; nÞ
oxj
þ oG
F
jiðx; nÞ
oxk
 !
nk ð14ÞBy letting the source points approach the boundary, the integral equation for the inhomogeneity problem becomes:cijujðnÞ þ
Z
Cm
TFjiðx; nÞujðxÞdCðxÞ ¼
Z
Cm
GFjiðx; nÞtjðxÞdCðxÞ; n 2 Cm ð15Þwhere cij is a constant coefﬁcient matrix depending on the smoothness of the boundary geometry at the source point n. In
addition to Eq. (5), the equilibrium condition for each inclusion is also required and automatically satisﬁed by the solution of
integral equation:Z
Cm
tiðxÞdC ¼ 0; i ¼ 1;2; m ¼ 1;2; . . . ;N ð16Þ
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Eqs. (11), (12) and (15) constitute a set of boundary integral equations where the contact pressure p(x1) and the traction
ti(x) and displacement ui(x) on the inclusion–substrate interfaces are unknown functions to be determined. To solve the
boundary integral equations numerically, the contact region Cc and the inclusion–substrate interfaces Cm are ﬁrst divided
into Nc and Nm line elements, respectively. Linear element is used for the contact pressure, the traction and displacement
on the inclusion–substrate interfaces such that the integral equations can be discretized as:XN
m¼1
XNm
r¼1
X2
s¼1
Z
Crm
GHji ðx; nÞNsðxÞdCðxÞtrsj 
Z
Crm
THji ðx; nÞNsðxÞdCðxÞursj
" #
 1 ts
pls
XNc
r¼1
X2
s¼1
Z
Crc
ln jx njNsðxÞdCðxÞprs ¼ u0  n
2
1
2R
; n 2 Cc ð17Þ
cijujðnÞ þ
XN
m¼1
XNm
r¼1
X2
s¼1
Z
Crm
THji ðx; nÞNsðxÞdCðxÞursj 
Z
Crm
GHji ðx; nÞNsðxÞdCðxÞtrsj
" #

XNc
r¼1
X2
s¼1
Z
Crc
GHji ðx; nÞNsðxÞdCðxÞprs ¼ 0; n 2 Cm ð18Þ
cijujðnÞ þ
XN
m¼1
XNm
r¼1
X2
s¼1
Z
Crm
TFjiðx; nÞNsðxÞdCðxÞursj 
Z
Crm
GFjiðx; nÞNsðxÞdCðxÞtrsj
" #
¼ 0; n 2 Cm ð19Þwhere prs, trsj and u
rs
j are the unknown contact pressure, interfacial traction and displacement at the nodal points in the rth
element, and Ns (s = 1,2) is the shape function for the linear element. For the ﬁeld point n outside the integration elements,
the integral kernels are regular and the Gaussian quadrature is used to evaluate the integration of the kernels over the ele-
ments. When the integration point coincides with the ﬁeld point, Eq. (17) contains an integral kernel with logarithm singu-
larity, and so do the kernels
R
Crm
GHji ðx; nÞNsðxÞdCðxÞ and
R
Crm
GFjiðx; nÞNsðxÞdCðxÞ in Eqs. (18) and (19), respectively. The
logarithm singular kernel can be evaluated analytically by the identity:Z xðe;2Þ
xðe;1Þ
ln jx xðe;rÞjNsðxÞdx ¼
le
4 ð2 ln l
e  3Þ; r ¼ s
le
4 ð2 ln l
e  1Þ; r 6¼ s
(
r; s ¼ 1;2 ð20Þwhere x(e,1) and x(e,2) are the endpoints of linear element and le is the length of the element. Moreover, the integral kernelsR
Crm
THji ðx; nÞNsðxÞdCðxÞ and
R
Crm
TFjiðx; nÞNsðxÞdCðxÞ involve Cauchy singularity when integration points and ﬁeld points coin-
cide. The principal values of Cauchy singular integral can be evaluated by the identities:Z xðe;2Þ
xðe;1Þ
1
x xðe;rÞ NsðxÞdx ¼
ð1Þs le2 ð1 ln 2Þ; r ¼ s
ð1Þs le2 ; r 6¼ s
(
r; s ¼ 1;2 ð21ÞIn the boundary integral equations, the contact region is also unknown a priori, and an iterative scheme based on the
bisection method is developed to determine the actual contact region. The initial upper and lower values for the left limit
of the contact region are set to cminL ¼ 0:1c0 and cmaxL ¼ 10c0, respectively, where c0 is the half contact width for the homo-
geneous half-plane, which is:c0 ¼ 2ð1 tsÞPRpls
 1=2
ð22ÞSimilarly the initial upper and lower values for the right limit of the contact region are set to cmaxR ¼ 10c0 and cminR ¼ 0:1c0. For
each step, the left and right limits of the contact region are computed by the updated upper and lower values,
cmL ¼ ðcminL þ cmaxL Þ=2 and cmR ¼ ðcminR þ cmaxR Þ=2, and numerical iterations are performed until both cmL and cmR converge to the
actual solution that gives zero contact pressure on the endpoints of contact region.
After the integral equations are solved, the interior displacement ﬁeld can be obtained by substituting p(x1), ti(x) and ui(x)
into Eqs. (10) and (13). The strain ﬁeld in the substrate matrix can be obtained from:eijðnÞ ¼ 12
Z
Cc
ðGHki;jðx; nÞ þ GHkj;iðx; nÞÞtkðxÞdCðxÞ
 XN
m¼1
Z
Cm
½ðTHki;jðx; nÞ þ THkj;iðx; nÞÞukðxÞ  ðGHki;jðx; nÞ þ GHkj;iðx; nÞÞtkðxÞdCðxÞ
)
ð23Þ
The strain ﬁeld inside the inclusions, e.g. the mth inclusion, is given as:eijðnÞ ¼ 12
Z
Cm
ðGFki;jðx; nÞ þ GFkj;iðx; nÞÞtkðxÞdCðxÞ
 Z
Cm
ðTFki;jðx; nÞ þ TFkj;iðx; nÞÞukðxÞdCðxÞ

ð24Þwhere ð. . . Þ;j ¼ oð...Þonj . Once the strain components are obtained, the stress ﬁeld is calculated from the stress–strain relation:
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In this section, the shear modulus and Poisson’s ratio for the half-plane are chosen as ls = 80.77 GPa and ts = 0.3, respec-
tively. The ratios of shear modulus for the inclusions are deﬁned as cm = lm/ls, and the Poisson’s ratio for the inclusions is set
to be tm = 0.3,m = 1,2, . . . ,N. It is noted that the solution for the limiting cases of a void and a rigid inclusion in the half-plane
can be obtained by letting cm = 0 and cm?1, respectively. The indenter with radius R = 10 mm is applied by a normal line
contact loading P = 1.67  106 N/m and slides over the surface of the half-plane with coefﬁcient of friction f = 0.1. For the
homogeneous half-plane, the line contact loading results in contact width 2c0 = 0.608 mm and maximum contact pressure
p0 = 3.5 GPa.
Numerical results are ﬁrst compared with ﬁnite element solutions for the contact pressure and subsurface stress ﬁeld in
an elastic half-plane containing three identical circular inclusions. The radius of the inclusions is a = 20 lm and the centers of
the inclusions are located at x2 = 2a and the x1 = 6a, 0, 6a, respectively. The ﬁnite element calculations were conducted
using the commercial ﬁnite element package ANSYS v10.0. The domain of the ﬁnite element model is 12a 6 x1 6 12a,
0 6 x2 6 8a, and there were 29,080 Plane 42 elements and 170 contact elements used in the ﬁnite element analysis to obtain
accurate stress ﬁeld near the inclusions–matrix interfaces. Fig. 3 shows the comparison of contact pressure between the
present solution and ﬁnite element solution for cm = 0.5 and 2, m = 1,2,3. The discrepancy of contact pressure at x1 = 0 be-
tween the present solutions and ﬁnite element solutions is 1.7% for cm = 0.5 and 5% for cm = 2. Fig. 4(a)–(c) are the distribu-
tions of subsurface stresses at 1.5c0 6 x1 6 1.5c0 and x2 = 2a for the stress components: rxx, ryy and rxy, respectively. The
results also show there is a good agreement between two solutions.
Effects of multiple inclusions on the contact pressure and stress ﬁeld are studied by considering two circular inclusions in
an elastic half-plane under contact loading as shown in Fig. 5. The inclusions have the same radius a = 20 lm and the centers
of the inclusions are separated by the distance ‘‘d”. Fig. 6(a) shows the distribution of contact pressure for the inclusion with
c1 = 0.5 and the neighboring inclusion having different values of c2. The centers of the inclusions are located at (x1,x2) = (0,2a)
and (2.1a,2a), respectively. The contact pressure and x1-coordinate are normalized by p0 and c0, respectively. For comparison,
the distributions of contact pressure for the homogeneous half-plane and the half-plane containing single inclusion are also
included. As it is shown in Fig. 6(a), the inclusions near contact surface could induce a noticeable change in the distribution of
contact pressure between two inclusions. When the inclusion is softer than the half-plane, i.e., c1 < 1, the substrate material
surrounding the inclusion becomes more compliant and the contact pressure gets smaller in comparison with that for the
homogeneous half-plane. The contact pressure becomes relatively small in the region where a void exists near the contact
surface. It is also shown that the effect of neighboring inclusions on the contact pressure above the soft inclusion is limited.
Fig. 6(b) shows the distribution of contact pressure for the inclusions with c1 = 2 and the neighboring having different values
of c2. As the substrate material is toughened by the stiff inclusion, the contact pressure above the inclusion becomes greater
than that for the homogeneous half-plane. When there are soft inclusions existing nearby, the magnitude of contact pressure
above the stiff inclusion could be further increased. In rolling contact elements, sliding failure may occur at the interface be-
tween inclusions and matrix due to mismatch of material properties. Fig. 7(a) and (b) show the distributions of interfacial
shear stress along the boundary of the inclusion with c1 = 0.5 and c1 = 2, respectively, and the second inclusion having dif-
ferent values of c2. The centers of the inclusions are located at (x1,x2) = (0,2a) and (2.1a,2a), respectively. For comparison, the
interfacial shear stress for single inclusion in the half-plane is plotted in dashed line. For single inclusion, the maximum-1.5 -1 -0.5 0 0.5 1 1.5
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ig. 7. (a) Distribution of shear stress along the inclusion–matrix interface with c1 = 0.5 and different values of c2 (a = 20 lm, d = 2.1a, x2 = 2a). (b)
istribution of shear stress along the inclusion–matrix interface with c1 = 2 and different values of c2 (a = 20 lm, d = 2.1a, x2 = 2a).
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Dand 270 6 h 6 360. The interfacial shear stress is reduced by the stiff inclusion in the neighborhood while the shear stress
could be increased by the soft inclusion. A noticeable increase in the interfacial shear stress can be seen when a void exists
nearby.
Experimental observations show that fatigue cracks are mostly nucleated at nonmetallic inclusions below the contact
surface in the region of the maximum cyclic shear stress. To investigate the effects of inclusions on the subsurface stresses,
two circular inclusions with radius a = 20 lm in the half-plane under contact loading are considered as shown in Fig. 5.
Fig. 8(a) and (b) show the maximum shear stress as a function of the spacing between the inclusion with c1 = 0.5 and 2,
respectively, and the neighboring inclusion with different values of c2. The maximum shear stress is evaluated at point A
which is located in the half-plane just outside the inclusion. The centers of the inclusions are located at the depth
x2 = 0.78c0 away from the contact surface. The dash line represents the maximum shear stress at the same point for single
inclusion in the half-plane. It is shown that the effect of soft inclusion (c2 < 1) could increase the maximum shear stress and
the stress increases with decreasing distance between the inclusions. On the other hand, the stiff inclusion (c2 > 1) acts to
toughen the surrounding material and reduces the magnitude of maximum shear stress. When (d  2a)/a < 2 or d < 4a,
the effect of neighboring inclusion on the maximum shear stress is pronounced. The effect of neighboring inclusion dimin-
ishes as the distance between the inclusions increases, and the shear stress converges to that of single inclusion in the half-
plane. Fig. 9(a) and (b) show the maximum shear stress at point A as a function of distance between two inclusions which are
located near the contact surface at x2 = 2a for c1 = 0.5 and 2, respectively. Similar interaction effects can also be seen except
that the distance between two inclusions becomes very small for the stiff inclusion c1 = 2 as shown in Fig. 9(b). For d < 3.2a or
(d  2a)/a < 1.2, the interaction effects between two stiff inclusions could cause the maximum shear stress to increase as the
0 0.5 1 1.5 2 2.5 3
(d-2a)/a
0.2
0.4
0.6
0.8
1
0.3
0.5
0.7
0.9
τmax/p0
γ2=0
γ2=0.5
γ2=2
a
0 0.5 1 1.5 2 2.5 3
(d-2a)/a
0.1
0.15
0.2
0.25
0.3
τmax/p0
γ2=0
γ2=0.5
γ2=2
b
Fig. 8. (a) The maximum shear stress at point A as a function of the distance between two inclusions with c1 = 0.5 (a = 20 lm, x2 = 0.78c0). (b) The maximum
shear stress at point A as a function of the distance between two inclusions with c1 = 2 (a = 20 lm, x2 = 0.78c0).
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Fig. 9. (a) The maximum shear stress at point A as a function of the distance between two inclusions with c1 = 0.5 (a = 20 lm, x2 = 2a). (b) The maximum
shear stress at point A as a function of the distance between two inclusions with c1 = 2 (a = 20 lm, x2 = 2a).
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stress ﬁeld are generated not only by the interacting inclusions but also by the variation of contact pressure near the inclu-
sions. As it is shown in Fig. 6(b), the contact pressure becomes greater when two stiff inclusions are very close, and that could
result in an increase in maximum shear stress.
The contact stress analysis is also applied to explore the disturbances of contact pressure and stress ﬁeld in an elastic half-
plane containing three inclusions. Fig. 10(a) and (b) show the distributions of contact pressure on the surface of an elastic
half-plane containing three circular inclusions with ratios of shear modulus being ci = 0.5 and 2 (i = 1,2,3), respectively.
The centers of the inclusions are located at x2 = 2a below the contact surface and the x1-coordinates are: 6a, 0, 6a, respec-
tively. The soft inclusions produce troughs in the contact pressure distribution near the inclusion while the stiff inclusions
generate peaks of contact pressure near the inclusion. Moreover, the interaction effects between inclusions on the contact
pressure can also be seen as it is compared with that of single inclusion in the half-plane. Fig. 11(a) and (b) show the dis-
tribution of maximum shear stress along the line: 2c0 6 x1 6 2c0 and x2 = 2a in the half-plane containing three inclusions
with ci = 0.5 and 2, respectively. It appears that the soft inclusions could increase maximum shear stress near the inclusions.
The stiff inclusions act to toughen the surrounding material and reduce the magnitude of maximum shear stress in the vicin-
ity of the inclusions. Fig. 12(a) and (b) show the contour plots of maximum shear stress in the subsurface of the half-plane
containing three inclusions with ci = 0.5 and 2 (i = 1,2,3), respectively. For the soft inclusions in the half-plane, the maximum
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ig. 10. (a) Distribution of contact pressure for the half-plane containing three inclusions with c1 = c2 = c3 = 0.5 (a = 20 lm, d = 6a, x2 = 2a). (b) Distribution of
ontact pressure for the half-plane containing three inclusions with c1 = c2 = c3 = 2 (a = 20 lm, d = 6a, x2 = 2a).
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ig. 11. (a) Distribution of maximum shear stress along the line:2c0 6 x1 6 2c0 and x2 = 2a for the inclusions c1 = c2 = c3 = 0.5. (b) Distribution of maximum
hear stress along the line: 2c0 6 x1 6 2c0 and x2 = 2a for the inclusions c1 = c2 = c3 = 2.
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sshear stress is smax = 0.405p0, which occurs near the sides of the inclusions. For stiff inclusions, the maximum of shear stress
is smax = 0.312p0 and occurs near the top and bottom of the inclusions. The results show that the soft inclusions could gen-
erate a larger increase in maximum shear stress than the stiff inclusions.
5. Conclusions
This paper presents a boundary element formulation for the two-dimensional contact stress analysis of an elastic
half-plane containing multiple inclusions. Although numerical examples are given speciﬁcally to study interaction effects
between two circular inclusions, the boundary element formulation presented in the paper is applicable to the inclusions
of arbitrary shapes with high accuracy and efﬁciency in stress calculations. The results indicate that the near surface
inclusions could change not only the magnitude of contact pressure in the region above the inclusion but also the dis-
tribution of contact pressure between the inclusions. For the inclusion stiffer than the matrix, the contact pressure be-
comes greater near the inclusion while the contact pressure is smaller near soft inclusion as it is compared with that for
Fig. 12. (a) Contour plot and enlarged view of maximum shear stresses for the half-plane containing three inclusions with c1 = c2 = c3 = 0.5. (b) Contour plo
and enlarged view of maximum shear stresses for the half-plane containing three inclusions with c1 = c2 = c3 = 2.
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C.-H. Kuo / International Journal of Solids and Structures 45 (2008) 4562–4573 4573the homogeneous half-plane. The contact pressure becomes relatively small in the area where a void exits. The stiff
inclusions may act to toughen the surrounding material and reduce both the interfacial shear stress and subsurface
stresses while the soft inclusions could increase the internal stresses. However, as two stiff inclusions are near contact
surface and very close to each other, the interaction effects between the inclusions could raise maximum shear stresses
near the inclusions.
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